Wintenberger's Functor for Abelian Extensions 



Kevin Keating 
Department of Mathematics 
University of Florida 
Gainesville, FL 32611 
USA 

keating@math.uf 1 .edu 

May 20, 2008 

Abstract 

Let fc be a finite field. Wintenberger used the field of norms to give an equiv- 
alence between a category whose objects are totally ramified abelian p-adic Lie 
extensions E/F, where F is a local field with residue field /c, and a category whose 
objects are pairs {K,A), where K = k{(T)) and A is an abelian p-adic Lie sub- 
group of Autfc(i^). In this paper we extend this equivalence to allow Gal{E/F) 
and A to be arbitrary abelian pro-p groups. 

1 Introduction 

Let q = and let A; be a finite field with q elements. We define a category A whose 
objects are totally ramified abelian extensions E/F , where F is a local field with residue 
field fc, and [E : F] is infinite if F has characteristic 0. An ^-morphism from E/F to 
E' / F' is defined to be a continuous embedding p : E E' such that 

1. p induces the identity on k. 

2. E' is a finite separable extension of p{E). 

3. F' is a finite separable extension of p{F). 

Let p* : Ga\{E' / F') Gal{E/F) be the map induced by p. It follows from conditions 

2 and 3 that p* has finite kernel and finite cokernel. 

We also define a category B whose objects are pairs {K, A), where i^' is a local field of 
characteristic p with residue field k and A is a closed abelian subgroup of Antk{K). A B- 
morphism from {K, A) to {K', A') is defined to be a continuous embedding a : K —>■ K' 
such that 



1. a induces the identity on k. 

2. K' is a finite separable extension of (y{K). 

3. A' stabilizes (j{K), and the image of A' in Autfc(-ft') is an open subgroup of A. 

Let a* : A' ^ Ahe the map induced by a. It follows from conditions 2 and 3 that a* 
has finite kernel and finite cokernel. 

The field of norms construction [7] gives a functor : B defined by 

^(E/F) = {Xf{E), Gal(E/F)). (1.1) 

We wish to prove the following: 

Theorem 1.1 JF is an equivalence of categories. 

Wintenberger ( [HI E] ; see also [2] ) has shown that induces an equivalence between 
the full subcategory Al oi A consisting of extensions E/F such that Ga\{E/F) is an 
abelian p-adic Lie group, and the full subcategory Bl of B consisting of pairs (if, A) 
such that A is an abelian p-adic Lie group. (Contrary to [21 [6] we consider finite groups 
to be p-adic Lie groups. The equivalence of categories proved in [21 [5l [6] extends trivially 
to include the case of finite groups.) The proof of Theorem 11.11 is based on reducing to 
the equivalence between Al and Bl. 

The following result, proved by Laubie [3], is a consequence of Theorem 11.11 

Corollary 1.2 Let {K.,A) G B. Then there is E/F G A such that A is isomorphic to 
G = GaA{E/F) as a filtered group. That is, there exists an isomorphism i : A ^ G such 
that i{A[x]) = G[x] for all x > 0, where A[x], G[x] denote the ramification subgroups of 
A, G with respect to the lower numbering. 

The finite field k = ¥q is fixed throughout the paper, as is the field K = k{(T)) of 
formal Laurent series over k. We work with complete discretely valued fields F whose 
residue field is identified with k, and with totally ramified abelian extensions of such 
fields. The ring of integers of F is denoted hj 0f and the maximal ideal of 0f is 
denoted by A4f- We let vp denote the valuation on the separable closure F'^'^^ of F 
which is normalized so that vf{F^) = Z, and we let Vp denote the p-adic valuation on 
Z. We say that the profinite group G is finitely generated if there is a finite set 5* C G 
such that {S) is dense in G. 

2 Ramification theory and the field of norms 

In this section we recall some facts from ramification theory, and summarize the con- 
struction of the field of norms for extensions in A. 

Let E/F G A. Then G = Gal{E/F) has a decreasing filtration by the upper 
ramification subgroups G{x), defined for nonnegative real x. (See for instance [4, IV].) 
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We say that u is an upper ramification break of G if G{u + e) ^ G{u) for every e > 0. 
Since G is abelian, by the Hasse-Arf Theorem [H V§7, Th. 1] every upper ramification 
break of G is an integer. In addition, since E/F is a totally ramified abelian extension, 
it follows from class field theory that E/F is arithmetically profinite (APF) in the sense 
of O §!]• This means that for every a; > the upper ramification subgroup G{x) has 
finite index in G = (7(0). This allows us to define the Hasse-Herbrand functions 

iPe/f{x)= r \G{Q):G{t)\dt (2.1) 

^0 

and (Pe/f{x) = ip^'^^p^x). It follows that the ramification subgroups of G with the lower 
numbering can be defined by G[x] = G{(f)E/F{x)) for x > 0. We say that / is a lower 
ramification break for G ii G[u + t\ ^ G[u\ for every e > 0. It is clear from the definitions 
that / is a lower ramification break if and only if is an upper ramification break. 

When [K, A) & E the abelian subgroup A of A.vXk{K) also has a ramification filtra- 
tion. The lower ramification subgroups of A are defined by 

A[x\ = {aeA:vK{o{T)-T)>x + l} (2.2) 

for X > 0. Since A[x] has finite index in A = y4[0] for every x > 0, the function 

r dt 

is strictly increasing. Hence we can define the ramification subgroups of A with the 
upper numbering by A{x) = A[ipAix)], where ipAix) = (^^^{x). The upper and lower 
ramification breaks of A are defined in the same way as the upper and lower ramification 
breaks of Gal{E/F). The lower ramification breaks of A are certainly integers, and 
Laubie's result (Corollary 11.21) together with the Hasse-Arf theorem imply that the 
upper ramification breaks of A are also integers. 

For E/F G A let i{E/F) denote the smallest (upper or lower) ramification break of 
the extension E/F. The following basic result from ramification theory is presumably 
well-known (cf. [3 3.2.5.5]). 

Lemma 2.1 Let M/F G A, let L G Sm/f, let L' /L he a finite totally ramified 
abelian extension which is linearly disjoint from M/L. Assume that M' = ML' has 
residue field k, so that M' / F' G A. Then i{M' / F') < ipF'/F{i{M/ F)) , with equality if 
the largest upper ramification break u of F'/F is less than i{M/F). 

Proof: Set G = Gal{M'/F), H = Gal{M'/M), and N = Ga\{M'/F'). Then G = HN = 
H X N. Lety = (pp' /Fii^M' / F')). Then 

N = N{i{M'/F')) = N{i,F.iF{y)) = G{y) n N. (2.4) 

It follows that G{y) D A^, and hence that G/H = G{y)H/H = {G/H){y). Therefore 
y < i{M/F), which implies i{M'/F') < V'f'/f(^(M/F)). 
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If M < i{M/F) then the group 

{G/N){i{M/F)) = G{i{M/F))N/N (2.5) 

is trivial. It follows that G{i{M / F)) C A^, and hence that 

N{il)F'/F{i{M/F))) = G{i{M/F)) nN = G{i{M/F)). (2.6) 

The restriction map from Gal(M7F) = to Gal(M/F) = G/H carries G{i{M/F)) 
onto 

G{i{M/F))H/H = {G / H){i{M / F)) = G/H. (2.7) 

Thus N{il)F'/F{i{M/F)) = N, so we have i{M'/F') > ^jp' /F{i{M / F)). Combining this 
with the inequality proved above we get i{M'/F') = ippi jpiii^M / F)). □ 

Let E/ F G A. Since E / F is an APF extension, the field of norms of -E/F is defined: 
Let Se/f denote the set of finite subextensions of E/F, and for L',L G £e/f such 
that L' D L let Npi/i : L' —>■ L denote the norm map. The field of norms Xp{E) of 
E/F is defined to be the inverse limit of L G Sp/p with respect to the norms. We 
denote an element of Xp{E) by ap/p = {(yL)L€eE/F- Multiplication in Xp{E) is defined 
componentwise, and addition is defined by the rule ap/p + Pp/p = ■Jp/f, where 

7i= lim ^L'/iiaL'+M (2.8) 

for L G Sp/p. We embed k into Xp{E) as follows: Let Fq/F be the maximum tamely 
ramified subextension of E/F, and for ( & k let Cfo be the Teichmiiller lift of ( in 
0Pq. Note that for any L G Sp/p^ the degree of the extension L/Fq is a power of p. 

Therefore there is a unique (p & L such that CF"^"^ = Cfo- Define fp/p{C) to be the 
unique element of Xp{E) whose L component is (i for every L G Sp/p^y Then the map 
fp/P : k Xp{E) is a field embedding. By choosing a uniformizer for Xp{E) we get a 
fc-isomorphism Xp{E) = k{{T)). 

The ring of integers 0Xf{e) consists of those ap/p E Xp{E) such that G 0l for 
all L G Sp/p (or equivalently, for any L G Sp/p). A uniformizer np/p = {j^LjieeE/F 
for Xp{E) gives a uniformizer vr^ for each finite subextension L/F of E/F, and also a 
uniformizer tim/f = ij^LlLeeM/F '^^ Xp{M) for each infinite subextension M/F of .E/F. 
The action of GaX{E/F) on the fields L G i^s/F induces a A;-action of GaX{E/F) on 
Xp[E). By identifying Gal(£'/F) with the subgroup of K\xtk{Xp{E)) which it induces, 
we get the functor T{E /F) = {Xp{E), GaA{E / F)) which was mentioned in fll.ip . 

Let E' be a finite extension of E such that E' /F G A. Then there is M E Sp/p and 
a finite extension M' of M such that £" = EM' and F, M' are linearly disjoint over 
M. We define an embedding j : Xp{E) — > Xp{E') as follows. For a^;/^? G Xp'(i?) set 
j{ap/p) = [3pi/p, where I3pi/p is the unique element of Xp{E') such that I3lm' = 
for all L G Sp/M [3 3.1.1]. The embedding j makes Xp{E') into a finite separable 
extension of Xp{E) of degree [E' : E]; in this setting we denote Xp{E') by Xp/p{E'). 
If F" D E' D E are finite extensions such that ^''/F G ^ then Xp/p{E') / Xp{E) 
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is a subextension of Xe/f{E") / Xp{E). Let D/E be an infinite extension such that 
D/F e A. Then Xe/f{D) is defined to be the union of Xe/f{E') as E' ranges over the 
finite subextensions of D/E. 

For E/F G A set r{E/F) = ■ i{E/F)]. The proof of Theorem 11.11 depends on 
the following two results, the first of which was proved by Wintenberger: 



riE/L) 
L 



Proposition 2.2 Let E/F G A, let L G Se/Fq, and define '■ ^XpiE) ®l/M 
hy S,l{ole/f) = otL (mod 7^2'"^'' ■^''). Then 

(a) is a surjective ring homomorphism. 

(b) C,L induces the map Q ^ C,^ " on k, where a = Vp{[L : F]). 

Proof: This is proved in Propositions 2.2.1 and 2.3.1 of [7]. □ 

Proposition 2.3 Let E/F & A, let L & £e/f, and let L' / L he a finite totally ramified 
abelian extension which is linearly disjoint from E / L . Assume that E' = EL' has residue 
field k, so that E'/L' G A. Then the following diagram commutes, where the bottom 
horizontal map is induced by the inclusion &l ^ 0l'-' 

0Xp{E) 0Xe/AE') 

a i i ^L' (2.9) 

0L/Mf^'^ — 0L'/Mi^'/''^ 

Furthermore, for C, E k we have j o fE/FiO = fE'/FiC^''), where b = Vp{[L' : L]) . 

Proof: Using Lemma [2.11 we get 

i{E'/L') < tljL,/L{i{E/L)) < [E : L]t{E/L). (2.10) 

Thus r{E'/L') < [L' : L]r{E/L), so the bottom horizontal map in the diagram is well- 
defined. Let aE/F = {c(M)MeeE/F element of 0Xf{e)- Then j{aE/F) is the unique 
element of 0Xe/f(E') whose ML'-component is for every M E Se/l- In particular, 
the L'-component of j(a£;/F) iso^L. Hence ^^(q;^;/^) and ^L'{j{ciE/F)) are both congruent 
to modulo /iA]^,^^^\ which proves the commutativity of (12.91) . The second claim 
follows from (12. 9p and Proposition 12.2( b). □ 



3 Proof of Theorem 1.1 



In this section we prove Theorem 11.11 To do this, we must show that the functor 
J-' : A B is essentially surjective and fully faithful. 

We begin by showing that is essentially surjective. Let A be a closed abelian 
subgroup of Autk{K), where K = k{{T)). Then A is a p-adic Lie group if and only if 
A is finitely generated. Since J-' induces an equivalence between the categories Al and 
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Bl, it suffices to prove that {K, A) lies in the essential image of J-" in the case where A 
is not finitely generated. 

Let F = k{{T)), let E/F he a finite totally ramified abelian extension, and let vr be 
a uniformizer of E. Then for each a G Gal{E/F) there is a unique /o- e k[[T]] such that 
cr(7r) = /o-(7r). Let a = t>p([-E : F]) and define 

tt) = {7 G Autk{K) : 7(T) = /f (T) for some a G Gal(E/F)}, (3.1) 

where f^'^{T) is the power series obtained from fa{T) by replacing the coefficients by 
their powers. Then G{E/F,7i) is a subgroup of Autfc(ir) which is isomorphic to 
Gal(E/F). 

Let Iq < h < I2 < ■ ■ ■ denote the positive lower ramification breaks of A. For 
n > set r„ = ■ In] and let r„ denote the quotient of F = Autk{K) by the lower 
ramification subgroup 

F[r„ - 1] = {a G F : a{T) = T (mod (3.2) 

Let Sn denote the set of pairs {E, vr) such that 

1. E/F is a totally ramified abelian subextension of F'^^'^ / F such that Gal(i?/F)[/„] 
is trivial. (Such an extension is necessarily finite.) 

2. TT is a uniformizer of E such that the image of G{E/F,n) in F„ is equal to the 
image of A in F„. 

Since there are only finitely many extensions E/F satisfying condition 1, and condition 
2 depends only on the class of vr modulo A4^£, the set iS„ is compact. Using the following 
lemma we get a map from iS„ to 5„_i. 

Lemma 3.1 Letn > 1, let{E,TT) G Sn, and let E denote the fixed field of Gal{E / F)[ln-i] 
Then (E^N^^^in)) eSn-i. 

Proof: It follows from the definitions that E/F is a totally ramified abelian extension 
and that Gal{E/F)[ln-i] is trivial. Set vf = N^^^(7r), choose cr g GaA{E/F), and let 
a denote the restriction of cr to E. By [7, Prop. 2.2.1] the norm ^e/e induces a ring 
homomorphism from 0e to 0^/A1^~\ Therefore 

a(7f) = N^/^(a(7r)) = N^/^(/.(7r)) = /.^^N^/^(vr)) (mod M'f^), (3.3) 

where b = Vp{[E : E]). Let d = Vp{[E : F]) and let fa G k[[T]] be such that a(7f) = /^(vf). 
Then by (13.31) we have 

f,{T)^ff{T) (modT^"-) (3.4) 
ffm^ffiT) (modT'^"-). (3.5) 
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It follows that G{E/F, tt) and G{E/F, vr) have the same image in r„_i, and hence that 
G{E/F, tt) and A have the same image m i ^-i- 

□ 

Since each y4/74[/n] is finite there is a sequence Aq < Ai < A2 < . . . of finitely 
generated closed subgroups of A such that y4„y4[/„] = A for all n > 0. Recall that JF 
induces an equivalence of categories between Al and Bl- Since {K, An) G Bl, for > 
there exists G Al such that J-'{Ln/Fn) is i3-isomorphic to {K,An). Since An 

is a normal subgroup of A, the action of A on gives a S-action of A on the pair 
{K, An). Since J-'{Ln/Fn) = {K, An) and JF induces an equivalence between Al and 
this action is induced by a faithful ^-action of A on Ln/Fn- Since Gal(L„/F„) = 
is finitely generated, and A is not finitely generated, this implies that Autfc(F„) is not 
finitely generated. Hence F„ has characteristic p. Therefore we may assume Fn = F 
and Ln C F'^p with F ^ k{{T)) fixed. 

For > let 

tn : (K, An) (XpiLn), Gal(L„/F)) (3.6) 

be an ^-isomorphism, and set ttl^/f = in{T). Let En C L„ be the fixed field of 
Gal(L„/F)[/„]. Then either En = Ln, or i{Ln/En) > In, in which case r{Ln/En) > Tn- 
Therefore by Proposition 12.2( a) we have {En,'n'En) G Sn, so Sn 7^ 0- For n > 1 let 
Un '■ Sn Sn-i be the map defined by Lemma [3.1[ Since each Sn is compact, by Ty- 
chonoff 's theorem there exists a sequence of pairs {En, he„) G Sn such that Vn^En, 7!'e„) = 
{En-i,'n'En-i) for n > 1. It follows in particular that F (Z Eq C Ei C E2 C . . . . Let 
Eoo = Un>oEn- Then E^o is a totally ramified abelian extension of F, and the uni- 
formizers tie^ for -^'n induce a uniformizer heoc/f for -^f(-Eoo)- Let r denote the unique 
fc-isomorphism from K = k{{T)) to Xf{Eoo) such that r(T) = tceoo/f- It follows from 
our construction that r induces a i3-isomorphism from (i^. A) to 

^(Eoo/F) = (X^(Eoo), G^l{E^/F)). (3.7) 

Thus (ii', A) lies in the essential image of JF, so JF is essentially surjective. 

We now show that JF is faithful. Let E/F and E'/F' be elements of A, and set 
G = Ga\{E/F) and G' = Gal (E'/F'). We need to show that the map 

^ : Rom^{E/F, E'/F') ^ Home((X^(F), G), {Xe'{E'), G')) (3.8) 

induced by the field of norms functor is one-to-one. Suppose pi, P2 G IIom_4(£'/F, _E'/ F') 
satisfy \E'(pi) = ^I/(p2)- Let 7r£;/i? = {jtl)l&Se/f ^ uniformizer for Xf{E). Then 
^(Pi)(7ri?/F) = *(p2)(vr£;/i;'), and heucc {pi{TTL))LeeE/F = {p2{T^L))L(iSE/F- It follows that 
Piijh) = P2ij^L) for every L G f^s/F- Since pi and p2 are /c-algebra homomorphisms, 
this implies that pi = P2- 

It remains to show that JF is full, i. e., that \1/ is onto. It follows from the arguments 
given in the proof of |6l Th. 2.1] that the codomain of \1/ is empty if char(F) 7^ char(F'), 
and that \1/ is onto if G and G' are finitely generated. In particular, \E' is onto if 
char(F) = or char(F') = 0. If one of G, G' is finitely generated and the other is not 
then the codomain of \1' is empty. Hence it suffices to prove that \l/ is onto in the case 
where char(F) = char(F') = p and neither of G, G' is finitely generated. 
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We first show that every isomorphism lies in the image of Let 



t:{Xf{E),G) 



iXpiE'),G') 



(3.9) 



be a i3-isomorphism. For n > 1 let F„ denote the fixed field of G[ln] = G{un)- If 
lim ln/[Fn : F] = oo then an argument similar to that used in [5l §2] shows that r 



is induced by an ^-isomorphism from E/F to E'/F'. This limit condition holds for 
instance if char(F) = p and Gal{E/F) is finitely generated, but it can fail if Gal{E/F) 
is not finitely generated. Therefore we use a different method to prove that r lies in the 
image of based on a characterization of Fn/F in terms of {Xf[E), G). 

Let d denote the i^„- valuation of the different of Fn/F, and let c be an integer such 
that c > (pFr^/ri^^iln-i + d)). Since G/G{c) is finite there exists a finitely generated 
closed subgroup H of G such that HG{c) = G. Let M C -E be the fixed field of H and 
set Mn = FnM. Then Fn/F and Mn/M are finite abelian extensions. On the other 
hand, since G is not finitely generated, Gal(M/F) = G/H is not finitely generated, and 
hence M/ F is an infinite abelian extension. 

Proposition 3.2 Let tce/f be a uniformizer for Xp{E), and recall that t^e/f induces 
uniformizers iTp, TTp^, tcm/f, (md TTMr^/F for F, Fn, Xp{M), and XM/F^Mn) ■ There 
exists a k -isomorphism ( : XM/F{M'n)/Xp{M) — > Fn/F such that 

1- ((ttm/f) = t^f; 

2- C(vrAWF) = 7r^„ {uvod M'p^'^^) ; 

3- 7 ■ ((tta/^/f) = C(7 ■ tta/^/f) for every e H . 

The proof of this proposition depends on the following lemma (cf. [Tj p. 88]). 

Lemma 3.3 Let F be a local field, let g{T) G 0f[^] be a separable monic Eisenstein 
polynomial, and let a G F'^^^ he a root of g{T). Set E = F{a) and let d = vpig'ia)) 
be the E-valuation of the different of the extension E/F. Choose vr G F*^^ such that 
vpigi'n')) > d. Then there is a root f3 for g{X) such that ve{t^ — 13) > vpigiTf)) — d. 

Proof: Let ai, a2, • • • , «n be the roots of g{T), and choose 1 < j < n to maximize 
w = ve{tt — aj). For 1 < i < n we have 



with equality if w > VE^oij — ai). Since w > ve{t^ — ««), this implies that for i ^ j we 
have W£;(7r — ctj) < VE^oij — ai). Since 



■oo 



Ve{t^ - di) > min{w, VE^aj - ai)} 



(3.10) 



g{Tl) = (tt - ai)(7r - ^2) • • • (tt - On), 



(3.11) 



we get 




(3.12) 



l<i<n 
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Setting P = aj gives ^^(vr — P) = w > VE^gij^)) — d. □ 
Proof of Proposition \3.S[ Since HG{c) = G we have 

t{M/F) > C > <PFJF{ln-l) = Un-1. (3.13) 

Therefore by Lemma [2.11 we get 

t{MjFn) = ^F„/F{t{M/F)) > z^k/f(c), (3.14) 

and hence r(Mn/Fn) > s, where s = ■ ^/'f„/f(c)] . Let g{T) be the minimum polyno- 
mial for T^Mn/F over Xi?(M), and let gpiT) G Of!?"] be the polynomial obtained by ap- 
plying the canonical map '■ Xf{M) ^ F to the coefficients of g{T). Since giT^Mn/p) = 
0, it follows from Propositions 12.2( a) and 12.31 that vpSgpijEn)) ^ f{Mn/Fn) > s. On 
the other hand, let fi : Xp{M) — >■ F be the unique fc-algebra isomorphism such that 
/^(ttai/f) = TTi?. Then by Proposition 12.2( a) we have n^aM/p) = «f (mod Ai^p) for all 
oiM/F G &Xp{M)-i where t = [^zl . c]. Let g^{T) E 0f[T] be the polynomial obtained 
by applying /i to the coefficients of g(T). Then g^{T) = gpiT) (mod ^A*^p). Since 
[Fn '■ F] - c> i'Pr./pic) we have [Fn : F]-t > s; therefore since vp^{gp{7Tp^)) > s we have 
''^Fnig'^i'^Pn)) > s > ln-1 + d. It follows from Lemma 13731 that there is a root P of g'^iT) 
such that vp„{7rp„ — P) > In-i- Therefore by Krasner's Lemma we have F{P) D F^np^). 
Since 

[FiP) : F] = deg{g) = [F{npJ : F] (3.15) 

we deduce that F{P) = Fij^p^) = F^. Since t^m^/p is a root of g{T), and /? is a root 
of g^{T), the isomorphism fi from Xp{M) to F extends uniquely to an isomorphism ( 
from XM/p{Mn)/Xp{M) to such that ({nM„/p) = p = np^ (mod A<^;'+^). 

We now show that C is if-equivariant. Let 7 G if and define ip^ G /i;[[T]] by 

^7(^A/n/F) = 7 ■ 7rA/„/F = (7 ■ T^L)Le£M„/p, (3-16) 

where we identify k with a subfield of Xp{M) using the map /m/f- Using Proposi- 
tions 12.21 and 12.31 we get 

7 ■ vrF„ = MnpJ (mod A<g^^"/^")). (3.17) 
Since C{^M„/p) = T^Pn (mod J^^p^^^^) and r(Mn/Fn) > s > In-i + 1 this implies 

C(7 ■ T^M„/p) = C(^7(^Af„/F)) (3.18) 

= i^M^M^/F)) (3.19) 

^ V^,(7rFj (mod -Mt'""') (3-20) 

^ 7 ■ vrF„ (mod A^t'^') (3-21) 

= 7-C(vrAWF) (modA<t'+^). (3-22) 

Since C(7'7'"m„/f) and 7-C(^m„/f) are both roots of g^(T) we deduce that 7-C(^m„/f) = 
C(7"7'"m„/f)- Since ( is fc-linear and 7 acts trivially on k, it follows that 7-^(0) = C(7'Q^) 
for all a G Xm/f(M„). □ 
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Since r is an ^-isomorphism, r* : G" — * G is a group isomorphism. For 7 G G set 
7' = (t*)~^(7), and for N < G set N' = {t*)^^{N). Then r induces an isomorphism from 
{Xp{E), N) to {Xp'{E'), N'). In particular, r gives an isomorphism from {Xp{E), H) 
to {XF'iE%H'). Using the isomorphism Xxp(m){Xm/f{E)) = Xf{E) from [71 3.4.1] 
we get an isomorphism 

th '■ {.Xxp(m){.Xm/f{.E)),H) — > {Xxp,(M')iXM'/F'iE')), H'), (3.23) 

where M' C -E' is the fixed field of H'. Since H is an abelian p-adic Lie group, it follows 
from [21 [5], E] that th is induced by an ^-isomorphism 

p : Xm/f{E)/Xf{M) Xm'/f'{E')/Xf,{M'). (3.24) 

By restricting p we get an isomorphism 

p : Xm/f(M„)/X^(M) Xm,/f'«)/^f'(M'), (3.25) 

where = (M')„ = F^M' is the fixed field of H'[ln\ = H[ln]'. Furthermore, for 7 e 
and a e XM/F^Mn) we have p{'j{a)) = 7'(p(a)). 

Let tte/f be a uniformizer for Xf{E), set tie'/f' = T(vr£;/i?), and let 

C : Xm/f(M„)/X,.(M) FJF (3.26) 
C' : Xm7F'«)/^f'(M') — F^/F' (3.27) 

be the isomorphisms given by Proposition 13.21 Then Un = C o p o C^^ gives a /c-linear 
isomorphism from Fn/F to F'^/F'. It follows from Proposition 13.21 that 

LU^inFj = Tip, (mod M'p7'^^), (3.28) 

and that for all 7 G we have 

^n,(7(vrFj)=7'K(vrFj). (3.29) 

Since the restriction map from H = Gal(F/M) to Gal(F„/F) is onto, fl3.29p is actually 
valid for all 7 G G. 

Let Tn denote the set of /^-isomorphisms Un : Fn/F E^/F' which satisfy (13.281) 
and fl3.29p for all 7 G G. Since In-i is the only ramification break of F'^/F'^_-^ we have 
'iljpi^lP^_^{ln-i) = ln-1- Therefore by fl3.28p and [U V§6, Prop. 8], for any ujn E Tn we 
have 

nL'jL'„_MinpJ) ^ n^jL'^Jnp,) (mod -M^r\+'). (3.30) 

Since Nl„/l„_^ (tt^,,) = ttf„_^ and NL'„/L'„_,iTTF:J = tt^./^^, it follows from p.30p and 
lK23\f that 

a;„(7r^_J = 7Tf> ^ (mod A<^V\+'). (3.31) 
Therefore restriction induces a map from 7^ to 
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Define a metric on 7^ by setting d{ujn, oJn) = 2~", where a = vp^ijjJnijPn) ~^n(^-F,J)- 
Then 7^ is easily seen to be compact, and we showed above that 7^ is nonempty. There- 
fore by Tychonoff's theorem there is a sequence (co'„)„>i with c<j„ G 7^ and co'„|i?„_j = 
ujn-i- Since E = U„>iF„ and E' = U„>iF^ the isomorphisms Un : En/E — >• E^/E' com- 
bine to give an ^-isomorphism : E/E E'/E'. Let 6 = ^(^2) be the i3-isomorphism 
induced by Q and let m„ = min{/„_i + l,r{E/En)}. It follows from (13.281) and Propo- 
sition [221(a) that 

9{71e/f) = 7^e'/f' (mod A<™;,(^,)) (3.32) 

for every n > 1. Since lim„^oo''^n = oo we get O^tte/f) = t^e'/f' = '^(j^e/f)- Hence 
r = ^ = ^(fi). 

Now let CT be an arbitrary element of Hom^ {{Xf{E),G),{Xf\E'),G')). Since Xf'{E') 
is a finite separable extension of a{XF{E)), by [7, 3.2.2] there is a finite separable ex- 
tension E' of E such that a extends to an isomorphism 

r : Xe/f{E') — > Xf'{E'). (3.33) 

It follows that each 7' G G' induces an automorphism 7 of Xe/f{E') whose restriction to 
Xf{E) is cr*(7') G G. Since X£;/^(F"^p) is a separable closure of Xi.(E) [3 Cor. 3.2.3], 
7 can be extended to an automorphism 7 of Xe/f{E^'^p). Since 7 stabilizes Xi?(ii^), 
and ^\xf{e) = <^*(7') is induced by an element of G = GaA{E/E), it follows from [TJ 
Rem. 3.2.4] that 7 is induced by an element of Gal(F*'^^/F), which we also denote by 
7. Since 7 stabilizes Xe/f{E'), it stabilizes E' as well. Thus j\e' is an element of 
Autfc(£") which is uniquely determined by 7'. Since induces the automorphism 7 
of Xe/f{E'), we denote 7!^, by 7 as well. 

Let F' denote the subfield of E' which is fixed by the group G" = {7 : 7' G G'}. 
Then E' D E, so E'/E' is a Galois extension. Since the image of G' = G' m. G is open, 
and E'/E is a finite extension, it follows that F' is a finite separable extension of F, 
and G' = Gal(£^'/F'). In particular, F' = k{{T)) is a local field with residue field k. 
Hence {Xp,{E'),G') is an object in B, and r gives a ;B-isomorphism from (X^,(i?'), G') 
to {Xf'{E'),G'). By the arguments given above we see that r is induced by an A- 
isomorphism Q : E'/E' —>■ E'/E'. Furthermore, the embedding E ^ E' induces an 
Amorphism i : E/F E'/F'. Let 

a : {Xf{E), G) — > {Xp,{E'), G') (3.34) 

be the i3-morphism induced by i. Then a = t o a = ^{Vt o %). 
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